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^ 1 Introduction 

> ' 

g I For any fixed complex numbers a, b, there exists a Lie algebra with basis {Li, Wi\i € Z} and 
l— ~ '! Lie brackets 

<n : 

Lj] = (j - i)L i+j , [Li, Wj] = (a + j + 6z)PU i+ „ [W h Wj] = 0. (1.1) 

in ; 

, This Lie algebra, known as the algebra W(a, b), is in fact the semi-direct product Vir Ki^ 
^ ■ of by A' a b , where Vir = span{Lj | i G Z} is the well-known centerless Virasoro algebra 
(or Witt algebra), and A' ab is a module of the intermediate series defined in (2.2) (which is 
regarded as an abelian Lie algebra). Thus, from the definition, one immediately sees that 
this Lie algebra is closely related to the Virasoro algebra and its modules. Due to their 
extreme importance in mathematics and physics, representations of the Virasoro algebra (or 
higher rank Virasoro algebras, e.g., [10,11]) have been widely studied in the mathematical 
and physical literatures. For instance, a classification of modules of the immediate series 
over the Virasoro algebra was given in [3], unitarizable modules and uniformly bounded 
modules with composition factors at most two were considered respectively in [1,2], and a 
classification of Harish-Chandra modules over the Virasoro algebra was presented in [8] (see 
also, [1,9]). 

In order to investigate a classification of vertex operator algebras generated by weight 2 
vectors, the PU-algebra W(2,2), which is a special case of W(a,b) with a = 0, b = —1, was 
first introduced and studied in [14]. Later on, a classification of Harish-Chandra modules 
over W(2, 2) was considered in [6]. Furthermore, the well-known twisted Heisenbeg- Virasoro 
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algebra (without some central elements), whose irreducible Harish- Chandra modules were 
classified in [7], is also a special case of W(a, b) with a = b = 0. Thus, W(a,b) generalizes 
many meaningful algebras, and it is very natural and desirable to consider representations 
of W(a,b). 

Definition 1.1. A W(a, 6)-module V is called 

• a weight module if it admits a weight space decomposition V = ©asc^a (A is called a 
weight of V in case V\ ^ 0), where 

V\ = {v\ | L v\ = \v\} for AgC; (1.2) 

• a highest (resp., lowest ) weight module with highest (resp., lowest) weight A if there 
exists A G C such that V is generated by V\, and V\ = for all A G C with A — A G 
Z + \{0} (resp., A - A G Z + \{0}); 

• a Harish- Chandra module if it is a weight module with dimVA < oo for all A G C; 

• a uniformly bounded module if it is a Harish- Chandra module such that there exists 
some N > with dim V\ < N for all A G C; 

• a module of the intermediate series if V is a uniformly bounded module such that 
dim V x < 1 for all AeC. 

The aim of the present paper is to give a classification of (not only irreducible but also) 
indecomposable modules of the intermediate series over W(a, b) and give some description of 
irreducible weight W(a, fe)-modules. Our next goal is to give a classification of all irreducible 
Harish-Chandra W(a, 6)-modules in some due time. The main techniques used in this paper 
are developed from that used in determining representations of higher rank Virasoro algebras 
[10,11]. Similar techniques have been also used in determining representations of Block type 
Lie algebras and Schrodinger- Virasoro algebras [4,13]. We would like to emphasis here that, 
as we shall see later on, due to the crucial fact that the parameter a is not necessarily 
an integer, modules of the intermediate series over W(a, b) may have a rather complicated 
structure, which is very different from that of the Virasoro algebra, whose indecomposable 
modules of the intermediate series are only slightly different than irreducible modules of the 
intermediate series. 

Note that some special cases of W(a, b) naturally appear as subalgebras of many inter- 
esting infinite-dimensional graded Lie (super) algebras, e.g., the jy-infinity algebra Wi +00 , 
some Block type Lie algebras, N = 2 super- Virasoro algebras, Schrodinger- Virasoro alge- 
bras [4,5, 12, 13], etc. Just as results on representations of the Virasoro algebra are widely 
used in classifications of representations of Lie (super) algebras which contain the Virasoro 
algebra as a subalgebra, one can expect that results on representations of W(a, b) may be 
used in that of Lie (super) algebras which contain some W(a, b) as a subalgebra (this is also 
one of our motivations in presenting the results below). However, in order to be able to apply 
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our results to representations of Lie (super) algebras which contain W(a, b) as a subalgebra, 
it seems to be necessary to have a classification of (not only irreducible but also) indecom- 
posable W(a, 6)-modules of the intermediate series. This is why we consider indecomposable 

rather than irreducible modules here. 

Our first main result in this paper is to give the following classification of indecomposable 

W(a, 6)-modules of the intermediate series. Here and below, we always assume h ^ since 

W(a,0) = W(a,l) (cf. (3.1)) if a g Z, and in case a G Z, W(a, 0) = W(0, 0) is simply 

the twisted Heisenbeg-Virasoro algebra, whose indecomposable modules of the intermediate 

series were considered in [7]. 

Theorem 1.2. Let V be an indecomposable W (a, b) -module of the intermediate series. Then 
we have one of the following: 

(1) V is aV ir -module of the intermediate series (cf. (2.1) -(2.4)) with trivial actions ofW k 's. 

(2) a ^ Z, b 0, 1, and V is a sub-quotient of 

A(\,n), B(\,fi), A x ( 7 ), A 2 ( 7 ), A 3 ( 7 ), £1(7), £ 2 ( T ) or £ 3 ( 7 ), (1.3) 

defined in (3.2)-(3.9) for some X, fi G C, 7 G C U {oo} (c/. Convention 2.1). 

(3) a ^ Z, 6 = 1, and V a sub-quotient of a module in (1.3) or a sub-quotient of 

i(A,/i), £?(A, /i), Ai( 7 ), A 2 ( 7 ), A 3 ( 7 ), B x ( 7 ), B 2 ( T ), 5 3 ( 7 ) or A(X, /i), (1.4) 

defined in (3. 10) -(3. 17) and (6.4) /or some A,/i G C, 7 G C U {oo}. Furthermore, 
A(X, /jl) can occur only when a G Q. 

(4) a G Z, 6 = 1, and V is a quotient of A(X, ft, c) for some X,fi,c G C, which has basis 
{v m | m G Z} actions defined by 

A(X, /i, c) : L fc r m = (A + m + fik)v k+m , W k v m = 5 k+a ^cv m+k+a . (1.5) 

The second main result is the following description of irreducible weight W(a, 6)-modules. 

Theorem 1.3. (1) Any irreducible Harish- Chandra W(a,b)-module is either a uniformly 
bounded module or a highest/lowest weight module. 

(2) Let V be an irreducible W '(a, b) -module of the intermediate series. Then we have one 
of the following: 

(i) V is a Vir -module with trivial actions of W k 's; 

(ii) aGQ\Z, 6 = 1, and V is a quotient of A(X, fi) defined in (6.4) for some A, /xGC; 
(hi) aG Z, and V is a quotient of A(X,p,c) defined in (1.5) /or some A, /i, cG C witt c^O. 

(3) If a ^ Q, t/ien an irreducible weight W(a, b)-module (not necessarily a Harish- Chandra 
module) is simply a Vir-module with trivial action of W k 's. 
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The paper is arranged as follows. After presenting some notations, definitions and prelim- 
inary results in Section 2, we first list all possible maximal indecomposable W(a, 6)-modules 
of the intermediate series with condition a ^ Q in Section 3. Then we give a proof of Theo- 
rem 1.2 in Sections 4 and 5 for the case a ^ Q, and in Section 6 for the cases a G Q\Z and 
oGZ respectively. Finally, we give a proof of Theorem 1.3 in Section 7. 

Throughout the paper, we denote by Z, Z + , Q and C the sets of integers, nonnegative 
integers, rational numbers and complex numbers respectively. 

2 Preliminaries 

From (1.1), one immediately sees that 

Vir = span{Li \i G Z}, (2.1) 

is the well-known centerless Virasoro algebra. An indecomposable Fir-module of the inter- 
mediate series [3] must be one of A' x , A' (j) , B' (j) , X, fi G C, 7 G C U {00} (we add the 
prime to the notations in order to avoid the confusion with W(a, 6)-modules to be intro- 
duced later), or one of their quotient submodules, where A' x , A' (j) , B' (j) all have a basis 
{v n I n G Z} such that 

A' XpL : LiVj = (A + j + /ii)v i+j , (2.2) 
A\i) : LiV = i(i + 7)^, L^j = (i + j)v i+j for j ^ 0, (2.3) 
B'(j) : LiV-i = + 7)^0, Uvj = jv i+j for j ^ -i. (2.4) 

Here and below, for convenience, we use the following: 

Convention 2.1. If 7 = 00, we always regard i + 7 as 1. Thus in fact A'(oo) = A' 1 and 
B'(oo) = A' 0>0 . 

Denote by Aq the unique nontrivial irreducible quotient of A' , and T the 1-dimensional 
trivial module. 

Now let V be an indecomposable W(a, 6)-module of the intermediate series, namely, the 
weight space V\ defined by (1.2) satisfies dimVx < 1 for all A G C. Since {Wi \ i G Z} spans 
an Abelian ideal of W(a, b), if WiV = for all i G Z, then is simply a l^ir-module, whose 
structure is well-known. So, we shall always suppose 

WiV ^ for some i G Z. (2.5) 

We denote P(V) = {fi G C | V^ ^ 0}, called the set of weights of V . Fix a weight A G C, 
so that V\ ^ 0. Using [L ,Li] = iLi and [L , Wj] = (a + j)Wj, it is easy to obtain that 
LjV\ G V\ + j and WjV\ G Va +(1+: ,-. Since 1/ is indecomposable, for any two nonzero weight 
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vectors u, v G V with different weights, there exist weight vectors vq := u, V\, Vk := w and 
basis elements Xi,...,Xk G {L^Wil? G Z} and nonzero numbers ai,...,afc G C, such that 
either x^-i = a^j or a^-i = x^, i = 1, k. This implies 

P(V) C {A + ja + m\j,m G Z}. (2.6) 

In case a ^ Q, we have 

V= V"' = 0V£, V^ = {«ey|L v=(A + aj+mM, (2.7) 

— oo<j<oo m£Z 

and dimV^ < 1. 

Let N\ (resp., N 2 ) be the smallest (resp., largest) integer such that V Nl+1 ^V 1 ^ 2 ' 1 7^ 0. 
Then N\ < N 2 — 1, and = ©7v 1 <j<Ar 2 ^"', such that each I/- 7 is a nonzero module of the 
intermediate series over Vir and WiV^ C V^ +1 for iV\ < j < N 2 . Note that Ni (resp., N 2 ) 
can be —00 (resp., 00). In case Ni < —00, we can suppose Ni = —1 if necessary. Define the 
length i(V) of V to be N 2 - + 1. 

In case a G Q \ 0, by shifting index of W m if necessary, we can suppose a — - with 

1 < q < p and p,q are coprime. We can also suppose V = ®f =0 V^ with N < p (i.e., 
N\ — —1, N 2 — N+l<p). We also denote V j = if j < or j > N. 

Let 1/ be a W(a, 6)-module of the intermediate series with decomposition (2.7). Take 
the subspace V of V* with decomposition V = ffi_oo<j<oo V such that V = © m6 z and 
V j m = (V£)* (where "*" stands for the "dual space"). Then Vis a W(a, 6)-module of the 
intermediate series by defining for x G W(a, b), v G V, 

= -v(xv), \/v G V. (2.8) 

We simply call V the dual W(a, b) -module of V. 

In the following sections, we shall determine indecomposable W(a, 6)-modules according 
to the cases a ^ Q, a G Q\Z and a G Z. 

3 Modules of the intermediate series for case a (fc Q 

In this section, we consider the case a ^ Q. In this case, we can assume £{V) > 2, otherwise 
V is simply a l^ir-module. We can also suppose 6 ^ because there exist an algebra 
isomorphism 77: W(a, 0) = W(a, 1) defined by 

v(L k ° ] ) = 4\ V (wi 0) ) = (a + k)wi l \ \/k G Z, (3.1) 

where the basis elements of W(a, z) are denoted by i = 0, 1. 
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We first list all possible maximal indecomposable W(a, o)-modules of the intermedi- 
ate series which we obtained using complex computations (an indecomposable module is 
maximal if it cannot be strictly embedded in another indecomposable module). For any 
A, \i G C, it is easy to check that there exist indecomposable W(a, b) modules (which will be 
proved to be maximal indecomposable) A(X, /x), B(X, fi) of the intermediate series with bases 
{v 3 m \j,me Z}, {vin | m G Z, j — 0, 1} respectively and actions: 

A(X, fi) = span{i^ | j, m G Z} : 

L k vl = (A + aj + m + Qj, + jb)k)v{ +m , W k vl = V j, k, m G Z; (3.2) 

B(X, fj) = span{i^ | m G Z, j = 0, 1} : 

L fc u{J, = (A + m + nk)v° k+m , W k v° m = (b(X + m) - fi{k + a))w^ +fc , 

Uv^ = (X + a + m + ( y fi + b+ l)&)^ +fc , W fc i^ = 0, V fc, m G Z. (3.3) 

Obviously, the dual module of A(X, fi) is A(— X, 1 — /i) and the dual module of B(X,fi) is 
B(—X — a, —fi — b), by taking the dual basis of {v^ \j,mE Z} to be {(— lywZm I i> m e 
i.e., w^(u4) = (— l) :? ^i,-j^n,-m- Thus, no new modules can be produced by taking duals of 
A(X, fi) and B(X,n). 

For any 7 G C U {00}, we have W(a, o)-modules ^(7), ^2(7), ^3(7) with basis 
{v 3 m \j,me Z}, {w^ I m G Z, j > — 1}, {t^ I m G Z, j = -1,0} respectively and actions 

^1(7) = span{v ] m \j,meZ} : 

L fc i4 = (m + &K +m (m ^ 0), L fc i;g = k(k + 7K, 

L fc i£, = (aj + m + jbk)v 3 k+m (j ^ 0), 

V^ 1 = (m + ^ = 5 m , < m , ^< = ^(jV0,-1); (3.4) 

^2(7) = span{t^ \j,me Z, j > -1} : 

= (~a+m-(l + &)A>~+ fe ; W^" 1 = (m + fc)(a + (1 + b)k + bm)v° k+m , 
L A = (m+ k)v° m+k (m ^ 0), L fc vg = + 7K, = 5 m)0 ^ +fe , 

L fc < = (ja + m + jbky m+k (j > 0), W k vl = v^ k (j ^-1,0); (3.5) 

^3(7) = span{^ I m G Z, j = 0, 1} : 

L fc i4 = (m + fc)^ +fc (m ^ 0), L fc t; = fc(fc + 7K, 
W fc v£ = bv l m+k (m + 0), W k v° = (67 - a - 

Lfcui, = (a + m + (6 + l)k)v l m+k , W k v l m = 0. (3.6) 
The dual modules of ^(7), i = 1, 2, 3 are the following. 
£1(7) = span{w^ I j, m G Z} : 
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L k v° m = mv° m+k (m ^ -k), L k v°_ k = -k{k + y)v%, 
L k v J m = (ja + m + (jb + l)ky m+k (j ^ 0), 

WkV' 1 = 5 k+mfi v° k+m , W k v° m = mvl +m , W k v 3 m = v{X l m (j ^ 0, -1); (3.7) 

£2(7) = s P an i v ii I i' m e Z, j < 1} : 

L fc ^ = m^ +fe (m^-A;), L k v°_ k = -k(k + j)v°, 

L k v 3 m = (ja + m + (j6 + (j < 0), 

L fc ^ = ( a + m + (6 + 2)k)v^ k , W k v 3 m = v{^ m (j < -1), 

WkV' 1 = 8 m+k ,oV k+m , W k v° m = m{a + k- bm)v l m+k , W k v l m = 0; (3.8) 

£3(7) = span{v 3 m I m G Z, j = -1, 0} : 

L fe ^ = mi)^ (m ^ -A;), L k v°_ k = -k{k + 7 )v°, W k v° m = 0, 
LkV' 1 = {-a+m-bk)v^ +k ,W k v^ = v° k+m (m^-k), 

W k vZt = (67 - a - k)v° . (3.9) 

If 6 7^ 0, 1, the above are all maximal indecomposable W(a, 6)-modules. However, when 6 = 
or 1, there will be more maximal indecomposable modules due to the fact that there exists 
the algebra isomorphism (3.1), and thus a W(a, 0)-module V becomes a W(a, l)-module 

(denoted by V when there is no confusion), by the action xv = r]" 1 (x)v for all x G W(a, 1). 

Now suppose 6=1. We already have maximal indecomposable W(a, l)-modules A(X, /i), 
B(X, /i), Ai(j), -84(7), i = 1,2, 3. In addition, there will be maximal indecomposable W(a, 1)- 
modules derived from W(a, 0)-modules by using (3.1). First we have maximal indecompos- 
able W(a, l)-modules A(X,fi), ^1(7), ^.3(7), -81(7), -63(7) derived from W(a, 0)-modules 
A(X,fi), ^1(7), A 3 (7), ^1(7), ^3(7) respectively, 



A(X, /I) = span{v J m | j, m G Z} : 

1 

a + k 



L kV J m = (A + aj + m + vk)v 3 k+m , W k v 3 m = ——vj+^i (3. 10) 



A (7) = span{^ n \j,meZ}: 

L k v° m = (m + k)v° k+m (m ^ 0), L k v° = k(k + 7 )v° 

1 

a + k 



L k v 3 m = {aj + m)v{ +m (j ^ 0), W k v 3 m = -— (j ^0,-1) 



m -\- k q it. q "m,o 1 
^3(7) = span{u^ I m G Z, j = 0, 1} : 
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L k v° m = (m + k)v° m+k (m ^ 0), L fc w° = k(k + 7)^, 
W fc ^ = 0(m^0), P^ ° = < 

L k v l m = (a + m + W fe < = 0; (3.12) 

-Si (7) = s P an { v m I ^ i e z} : 

L k v° m = mv° m+k (m ^ -k), L k v°_ k = -k{k + j)v%, 

LkV J m = (ja + m + ky m+k (j ^ 0), W k v^ = -^^m+fc> 

WkV °™ = ^k V ™^ ^- = ^7:^(^0,-1); (3.13) 

^3(7) = span{^ \me Z,j = -1,0} : 

L k v° m = mv° m+k (m ? -k), L k v°_ k = -k(k + 7 )«g, W k v° m = 0, 

LkV' 1 = {-a+rn^r 1 ^, W k v~l = -—j^l+ m (m^-k), 

W k vZ\ = -v° . (3.14) 

Note that in case 6 = 0, the indecomposable W(a, 0)-module B(\,fi) of length 2 is not 
maximal, it is contained in a maximal indecomposable module (denoted by, say, M), but 
the maximal indecomposable W(a, l)-module derived from M by using (3.1) is nothing but 
the W(a, l)-module A(X,fi). Thus we cannot produce any new maximal indecomposable 
W(a, l)-module from the W(a, 0)-module B(\,fi). However, we found a maximal indecom- 
posable W(a, 0)-module of length 2, denoted by £>(A, /i), 

B(X, ji) = span{v4 | m G Z, j — 0, 1} : 

L kV° m = (A + mK +m , W fe ^ = ((am - Xk)fi + a + fc>m+fc> 
^fc^m = (A + a + m + k)vl +m , W k v x m = 0. 

Furthermore, the indecomposable W(a, 0)-modules ^2(7), -^2(7) are not maximal, they are 
contained respectively in the maximal indecomposable W(a, 0)-modules ^2(7), -62(7), 

A 2 (t) = s P an {^m I j, m G Z} : 

LfeU^ = (m + &K +m (m ^ 0), L fe u£ = k(k + 7 )< W fc ^ = 5 mi0 ^ +fc , 
L k v 3 m = (ja + m)^ +fe (j > 0), L fc < = (ja + m + ]k)v 3 m+k (j < 0), 
^"^(m + k)(a + k)v° m+k , W k v 3 m = v^ k (j > 0), 
W k vl = (a + k)v^ k (j<-\) ] 

^2(7) = span{w^ I j, m G Z} : 
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L k v° m = mv° m+k (m ^ -k), L k v°_ k = -k{k + 7)1$, W k v° m = m(a + 

L k v J m = (ja + m + k)v 3 m+k (j < 0), L k v j m = (ja + m+(j + l)k)v 3 m+k (j > 0), 

W k v^ = 5 m+kfi v° m+k , W k v j m = v j +l k (j < -1), W k v* m = (a + k)v^ k (j > 1). 

Thus, we have W(a, l)-modules by using (3.1), denoted by _B(A,/i), ^2(7), -82(7), 
B(X, n) = span{w^ | m G Z, j — 0, 1} : 



am — A/c)u + a + k , 

f„ 

a + fc 

L fe < = (A + a + m + /c)^ +m , W fc v£, = 0; (3.15) 



L ^m — l A + m ) V k+mi W kV m - a + k V m+k> 



^2(7) = span{t^ I j, m G Z} : 

L fc ^ = (m + /cK° +m (m^0), L fcWo = fc(* + 7 )< ^ = ^^ +fc , 

^fe< = ti a + m ) u m+fc (i > °)> = O + m + J k ) v L+k U < 0), 

pW=(™ + ^ = -^^Ik {j > o), w fc t4=«£i (j < -i); ( 3 - 16 ) 

^2(7) = span{t^ I j, m G Z} : 

L fe ^ = mv° m+k (m ^ -k), L k v°_ k = -k(k + 7)1$, W k v° m = mv l m+k , 

L k v 3 m = (ja + m + (j < 0), L k v 3 m = (ja + m + ( j + (j > 0), 

W ^ m = ^l< k (J < "I). ^< = 0' > !)■ (3-17) 

The following two sections are devoted to the proof of Theorem 1.2 in case a ^ Q. Note 
that for any j G Z with Ni < j < N 2 , the V^r-module V- 7 can be in general any of 
A' (7), 5' (7), A% fi , T, A'q'q © T. We split the possible V 3 into two cases: 

(1) each V 3 is an irreducible Vir-module of type A' Xfi . 

(2) At least one V 3 is not an irreducible Vir-m.odvle of type A' x . 

4 Proof of Theorem 1.2 in the first case for a ^ Q 

In this section, we always suppose that a ^ Q and each V 3 for Ni < j < N 2 is an irreducible 
Vir-module of the intermediate series of type A' x (later on, we shall consider all possible 

deformations) . Thus we can choose a basis {v 3 m \ m G Z} of V 3 such that 
for some fij, w j km G C (cf. (2.7)). 
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Remark 4.1. (1) We use the bold symbol w to emphasis that tu]. m 's are unknown vari- 
ables to be determined. 

(2) We have used the convention that if an undefined symbol technically appears in an 
expression, we always treat it as zero; for instance, = if j < Ni or j > N 2 . 

(3) By assumption, we have 

X + aj (£Z or /ij £ {0, 1} for N x < j < N 2 . (4.2) 

Fix j G Z with Ni < j < N 2 — 1. Since V is indecomposable, there exist some ij,rrij 
such that 

<„ ^ 0. (4.3) 
Applying (a + + bi)W i+ k = [Li, W k ] to v ] m , we obtain 

( a + k + bi)w J i+ktm = - «?i, m+i 4 m . (4.4) 

Applying (a + k + b(h + is))^, [Li 2 , W k \] = (a + i 2 + k + bit)(a + k + bi 2 )[L h+i2 ,W k } to v J m , 
we obtain 



(a + A; + 6(ii + i 2 )) (^, ia+fc+ J^ jfc+m ti;£ >m - ™l,i 2 +Ji,m) 

- (f j+1 w j - w j P )P 

\ i2>il+k+m k,ii+m k,ii+i2+m i2,ii+m/ ii,r 

= (a + i 2 + fc + foi)(a + fc + bi 2 )(£^ i2 k+m wl tm - w 3 Kh+i2+m P ii+i ^ m ) . (4.5) 

Lemma 4.2. Lei j G Z ratt N\ < j < N 2 — 1. For any k G Z, i/iere exisi infinitely many 
values of m such that w l km ^ 0. 

Proof. Suppose conversely there exist some ko,N G Z such that w kQm = for all m with 
\m\ > N. Let n be any integer. Take any z x , i 2 and = k , m = n — i\ such that 

\n — |n + Z2 [ , | ra — ii + i 2 \ > N. (4-6) 

Then all terms in (4.5) vanish except the term containing w ko n , and we obtain 

(a + k + 6(ii + i 2 ))(A + a(j + 1) + k + n + i 2 fi j+1 )(X + aj + n - i± + ii^j)w kon = 0. (4.7) 

Using condition (4.2) and the fact that a ^ Q, we can always choose i±,i 2 satisfying (4.6) 
such that the coefficient of w kQ n in (4.7) is not zero. Thus w kon = 0. Take % — io and 
k = ko in (4.4), we obtain wl o+kQ m = if a + ko + bio ^ 0. Assume a + k + bi = 0. Then 
b ^ 1 since a £ Q. We choose i = z'o + j, k = k — j for any j ^ {0, — io}, we again obtain 
w i +k m = 0- This proves tw^. m = for any k,m, a contradiction with (4.3). □ 
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Remark 4.3. In order to simplify notation in the following discussions, without loss of 
generality, we can always suppose j = by shifting indices j if necessary. When we state 
the results, we shall take the general case into account. 

Lemma 4.4. We have the following possibilities (cf. Remark 4.5): 

(1) fi j+1 = pij + b+1, and w> km = b(X + ja + m) — (a + k)fij, 

(2) 6^1, fi j+1 = fi j + b, and vj km = 1, 

(3) 6=1, fij ^ 0, = fij + 1, and xoj^ = 1, 

(4) 6=1, fij = 0, fi j+1 = 1, and i4, m = cam - c ( A J^) fc + a + fc y or some c G c, 

(5) 6 = 1, = fij ^ 0, 1, and v? km = 

(6) 6=1, = /i, = 0, and w> km = ^gjg^g^ /or some c G C, 

(7) 6=1, = ^ = 1, and w^m = ^g^jjfSSr for some c G € ' 

(8) b = 1, ^ = 1, = 0, and v? km = ^^j^^^^—^ for some c G C. 

Proof. By Remark 4.3, we can suppose j = 0. Taking k = and taking the data (ii,i2,m) 
in (4.5) to be (i, —i, n), (i, i,n — i), (—i, —i, n + i) respectively, we obtain a system of three 
linear equations on tog^, wjg >n+i , 

/r 1 ^o,n- 4 + /r'°<„ + //' 1 ^o,n +4 = 0, s = 1,2,3, where, (4.8) 

fi'~ = a(ifio - A - n)(i(ui - 1) + a + A + n), 

= a ((6(6 _ l) _ M ( M _ l) _ w ( m _ l))i 2 + 2 (A + n)(a + A + n)), 
,1,1 _ ,-1,-1 

J 2 '" 1 = 6(l + 6-2 w (2 + 6+u 1 ))i 3 + (a(l-6(6+l) + / ui(ui-3))-6(A + n)(3 + 6-4 m ))i 2 

- (a 2 - 2a(A + n)(b - 1 + fii) - 2b(X + n) 2 )i + a(A + n)(a + A + n), 
f 2 >° = 2(2bi + o)(t(/io - 1) - A - n)(^i + A + n + a), 

/2,i =6 (_ 1 _ 6+ 2 Mo ( 6+Mo ))^ + (a( _ 1+ ^ o(Mo + 1) + 26 (_i + 2 Mo )) + 6(A + n)(6-l+4 M o))i 2 

- (a 2 + 2a(A + - b - fii) - 2b(X + n) 2 )i + a(A + n)(a + A + n), 

= /!•■, /f ,0 = /!f, /;'•' /i, '• (4.9) 

Denote the determinant of the coefficients by A(z), which is zero for all i by Lemma 4.2, 

= A(i) = -ai 6 (ui - u - 6)(a*i - «o - 6- l)(A 2 i 2 + A x (A + n) + A ), where, (4.10) 
A 2 = 4b 2 (-l+fi +fix)(-bfi + b 2 fi + ul-fi 3 ) + 2fi 1 -bu 1 -b 2 fix +2bfi fix -filfix-Sfil+fiofif+fif), 
Ai = 2a6(6 - l)(-2 + 6 + b 2 + 5/i - 2bfi Q - 3f4 + 7 fix + 2b fix - 6^ /"i - 3/i 2 ), 
A = a 2 (26- 36 2 + 6 4 + 2u - 106u + 106 2 u - 2b 3 u - 3a 2 , + lOfytg - Qb 2 ul - 26ujj +^ +6^1 
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— 106/xi +26 /ii + 2b hi - 10/io/ii + l8bnoHi - 66 /i Mi + 2^ 0/ ui - Qb^Hi + 2/i Mi 

- 11/if + 86^? + 8/i Mi - 66/i Mi + 6/U? - 2b/4 - 2// Mi - Mi)- 

Note that for any given n , if we replace the basis element v J m by v'^ = v ] m+no , then this 
amounts to replacing A by A + n . Thus, (4.10) implies 

H 1 = Ho + b, or hi = Mo + 6+1, or A 2 = Ax = A = 0. (4.11) 

The possible solutions of (4.11) are 

{/ii = /i + 6}, {/ii = /i + 6 + 1}, {b = 1, Mi = Mo}, {6 = 1, Mi = 1 - Mo}, 

rL , 9-t 2 (t+l)(t + 3), r (6 + l)(6 + 2) 6(1-6) - 

{b = ^ = — ^ = 8 } ' ^ = 2(26 + 1) ^ = 2^6TT) } ' (412) 

and 

{Mo = 0, Mi = 6 + 2}, {^o = 1, hi = b}, {mo = 1 - b, Hi = 0}, {mo = -1 - 6, Mi = !}■ (4.13) 

Note that when Hj — or 1, we can always change basis elements fj^'s such that Hj becomes 
1 or 0. Thus all four cases in (4.13) can be regarded as special cases of the first two cases of 
(4.12). 

Now for all possible cases in (4.12), we need to process the following. 

(i) Using Lemma 4.2, by shifting the index m of basis elements u^'s if necessary, we can 
suppose «;q ^ 0. Then using (4.8), we can solve for u?o m (in terms of w^ Q ). 

(ii) Then we use (4.4) to solve w° krn . 

(iii) Finally we verify that the solution w° km satisfies (4.4). 
Now we consider six cases in (4.12) case by case. 

Case 1. hi — Mo + b. 

Assume Wq = 1 by rescaling basis elements v^s. First we suppose b ^ 0, 1. By (4.8), 
we obtain for all m £ Z, w^ m = 1. Taking k = in (4.4), we have 



'0,m+i 



(a + bi)w° im = (A + m + a + Hii)w^ m - (A + m + fM)i)w[ 

= A + m + a + (6 + Ho)i — (A + m + Hoi) = a + bi. (4-14) 



For any i £ Z, if a + bio ^ 0, then w® m = 1 for all m £ Z by (4.14). Suppose a + bi = 0. 
If «o 7^ 1, then ?«" m = 1 for all % ^ Iq. Taking k — 1, i — % — 1 in (4.4), 

(1 -6)w?° 0im = (A+m+l+a+(io-l)Mi)wi !m -(A+m+(z'o-l)Mo)^i, m+ i -i 
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= A + m + 1 + a + (z'o - 1)(6 + /i ) - (A + m + (z - l)/io) 
= 1 + a + (z'o - 1)6 = 1 - b. 

Thus, w® m = 1. If z'o = 1, by taking z = 2, = — 1 in (4.4), we again obtain w\ m = 1. 
Thus Lemma 4.4(2) holds. 

Now we suppose 6 = 1. If /io 7^ 0, by (4.8), we easily get Wq Q — WQ ri = 0, i.e., w® m = 1 
for all meZ. Then by taking = in (4.4), we get 

(a + i)w° im = (A + m + a + fiii)w° 0>m - (A + m + fi i)w 0m+i 
= \ + m + a + (l + /io)i — (A + m + /io«) = a + z, 

i.e., m = 1 for all k,m <E Z. Thus Lemma 4.4(3) holds. 

Hence we assume /io = 0. Then (4.8) gives WQ m _ i — 2iOQ m + WQ m+i = 0. In particular, 
w 0m+i ~~ w o,m i s a constant. Thus, WQ m = cm + 1 for all m G Z and for some c G C. Taking 
fc = in (4.4), we have 

( a + i)v>i, m = (A + m + a + ^ii)t»o >m - (A + m + ^i)wl m+i 

= (A + m + a + i)(cm + 1) — (A + m)(cm + cz + 1) 
= cam — cAz + a + z. 

So, w Q km = cam -^k+a+k _ j s eaS y check that the solution satisfies (4.4) and Lemma 
4.4(4) holds. 

Case 2. ^ = b + /i + 1. 

Taking n = in (4.8), we have 

(b(i + A) - afi )wQ fi - (6A - a/x )iUo,i = 0. 

Since w® 7^ by the assumption, we must have 6A — a/i 7^ 0. We can assume i»§ m = 
6(m + A) — afiQ by rescaling basis elements v m 's. Taking fc = in (4.4), we have 

(a + bi)w° i m = (A + m + a + (iii)w° 0m - (A + m + fi i)w° m+i 
= (A + m + a + (6+l + ^o)i)(b(m + A) — a/i ) 

— (A + m + noi){b{m + z + A) — a/^o) 
= (a + 6z')(6(m + A) - (i + a)/i ). (4.15) 

Thus Lemma 4.4(1) holds for all k G Z with a + 6fc 7^ 0. 

Assume ko G Z such that a + 6fco 7^ 0. We first assume ko 7^ 1. Then 6 7^ 1 since a ^ Z. 
Using the fact that a = — 6fco and taking i = k — 1, A; = 1 in (4.4), we have 

(! - & )™° ,™ = ( x + m + l + a + ( k o-^)^i)wl m -(X + m+(ko-l)fi )wl m+ko ^ 
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= (A + m + 1 + a + (ho - 1)(6 + 1 + /x ))(6(m + A) - (1 + a)/x ) 

-(A + m + (k - l)/x )(6(m + k - 1 + A) - (1 + a)/x ) 
= (a + bk -b + l)(6(m + A) - /x (&o + a)) 
= (1 - 6)(6(m + A) - /x (&o + a)). 

Thus Lemma 4.4(1) also holds for fc . Now assume fco = 1. Taking % — ko + 1, k — — 1 in 
(4.4), we again conclude that = b(m + A) — /Xo(&o + a ) ; an d so Lemma 4.4(1) holds. 

Case 3. b — 1, /xi = /xo- 

First assume /Jo 7^ 0,1. By (4.8), we have «)J m = t«o = | by rescaling basis elements 
v^'s. Taking k = in (4.4), we have 

(a + i)w° m = (A + m + a + fni)w° 0m - (A + m + fi i)w° 0m+i 

A + m + a + /x 2 — (A + m + fi i) 
a 

Thus Lemma 4.4(5) holds. 

Now assume /x = A*i = 0. If we replace the basis elements w^'s of V 1 by = A+a+m ^, 
then /ix becomes 1, which becomes a special case considered in Case 1 with 6=1. Thus from 
Lemma 4.4(4), we obtain Lemma 4.4(6) by using the fact that = A+ ^ +m f^. Similarly, we 
have Lemma 4.4(7) if /xo = \L\ = 1. 

Case 4. b — 1, /xi = 1 — /x - 

First assume /x 7^ 0,1, and suppose w® Q = 1. Taking n = in (4.8), we easily get 
(/x — 1)h (v)q o — iUg J = 0. Thus fe = 1 for all k G Z. Taking = in (4.4), we have 

(a + i)w° m = (A + m + a + fni)w° 0m - (A + m + /i !)wJ m+J 
= a + i — 2/xoi. 

Thus, w° km = a+k ~^° k . Using this in (4.4), we obtain /x (2/x - 1) = 0, i.e., /x = §, which 
is a special case in Case 3. 

The case /xo = is a special case of Case 2. It remains to consider the case /x = 1. In 
this case, if we replace the basis elements i^'s of V° by = (A + m)t>^, then /x becomes 
to 0, thus we obtain Lemma 4.4(8) by Lemma 4.4(6). 

Case 5.6 = 1, /x = ^ ^ = G±2[*+3I. 
By (4.8), we have 

S^o.n - 5 2w o,n+i = °> where, (4.16) 
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g 1 = (t- 1)(1 + t)(3 + t)(16a 2 (t - 3) - « 2 (1 + t) 2 (t(2 + 1) - 11) + 4ai(t - l)(f(2 +t)-7) 

+ (n + A)(32a(i - 1) - 16i(t(2 + t) - 7)) - 64(n + A) 2 ); 
g 2 = (t- 1)(1 + 1)(3 + t)(16a 2 (t - 3) + i 2 (i - 3)(5 + i)(t(2 + i) - 11) 

+32a(t - l)(n + A) - 64(n + A) 2 ). 

Taking the data (n, 2) in (4.16) to be (n + i, — i), we obtain another equation involving n 
and iOQ n+i . By Lemma 4.2, the determinant of the coefficients is equal to zero, i.e., 

16(a - i)i 2 (a + i)(t- 3)(t - 1) 2 (1 + t) 2 (3 + t) 2 (5 + t)(t 2 + 2t-7)(t 2 + 2t- 11) = 0. 

Thus, i = —5, —1, —3, 1,3, — 1 ± 2y2, — 1 ± 2\/3. All these are special cases of Cases 1-3. 
« „ - ( b+1 )( b + 2 ) „ - 

° dhe U " W — 2(26+1) > r 1 ! — 2(26+1) ' 

Similar to Case 5, we obtain that the determinant of the coefficients is zero, i.e., 

3i 6 a 2 (a — bi)(a — i — bi)(a + bi)(a + % + 6z) 
° = 4(1 + 2bf X 

(b - l) 2 b 2 (b + l) 2 (b + 2)(36 + 2)(36 2 + 2b + 1)(36 2 + 4b + 2). 

Thus, 6 = -2, -1, 0, 1, -§, or 36 2 + 26 + 1 = or 36 2 + 4b + 2 = 0. All these except the case 
b = — | are special cases of Cases 1-3. Hence, assume b = — |. By (4.8), 

(a-i-n-\)(2a+i+n +\)(a+2(i+n+\)) w% n - (a-n-\)(2a+n+ \)(a+2(n + \))wq n+i = 0. 

After solving w^ n , and taking fc = in (4.4), we obtain the solution for w° krn , which 
contradicts (4.4). This completes the proof of the Lemma 4.4. □ 

Remark 4.5. Under the condition (4.2), Lemma 4.4(6)-(8) can be regarded as Lemma 
4.4(4) by re-choosing bases of V°, V 1 as we have seen in the above proof. However, we need 
to state them separately because we shall need to consider all possible deformations (i.e., 
dropping condition (4.2)) later. 

If £(V) = 2, by Remark 4.5 and by considering cases in Lemma 4.4(l)-(5), we obtain 

that V is a sub-quotient of A(X,fi), B(X,fi), A(X,fi), B(\,fi). Hence we have Theorem 1.2. 
Thus in the rest of this section, we assume £{V) > 3. 

Lemma 4.6. (1) If b ^ 1, then V is a sub-quotient of a module of the form A(X,fi). 
(2) 7/6 = 1, then V is a sub-quotient of a module of the form A(X, fx) or A(X.li). 

Proof. Applying [Wk 17 Wk 2 ] — to v 3 m for Ni < j < N 2 - 2, we obtain 



i+i i _ i+i j 

, k 1 ,k2+rn W k 2 ,m ~ W k 2 ,k 1 +m W 'fci.m' 



(4.17) 
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Case 1. b ± 0,1. 

By Lemma 4.4, there are only two possibilities for fij and fij+i, i.e, fa+i = fij + b + 1 
or = fij + b. We want to prove fij + i = (ij + b for all j. If /ij+i = ^ + 6 + 1 and 
fij + 2 = b + fij + i + 1 for some j, then (4.17) gives 

(b(X + (j + l)a + k 2 + m) - (a + fc 1 )/x J - +1 )(6(A + ja + m) - (a + fc 2 )/i 3 ) 
= (o(A + (j + l)a + fcj + m) - (a + k 2 )fi j+1 )(b(X + ja + m) — (a + h)^j)- 

From this, we obtain 6 = 0, a contradiction with the assumption. If = 6 + /ij + 1 and 
/i J+2 = 6 + /ij+i, then (4.17) gives 

b(X + ja + m) — (a + fe)/-^' = &(A + ja + m) — (a + ki)[ij, 

which implies fij = 0. By changing the basis elements f^'s, we can take fj,j to be 1, thus 
//j+i —b + jij. If yU-, + i = b + fij and /Xj+2 = 6 + /Xj+i + 1, then (4.17) gives 

b(X + (j + I) a + k 2 + m) - (a + fci)jt/j+i = 6(A + (j + l)a + fci + m) - (a + fc 2 )/^+i, 

which gives fij + i = —b. Thus, \ij = —2b and fij +2 = 1. By changing the basis elements 
v^ 2, s, we can take fij +2 to be 0, thus /ij +2 = b + fij+i- Therefore, Lemma 4.6(1) holds. 

Case 2. b = 1. 

By Lemma 4.4, for each pair (j, j + 1), there are 7 possibilities, thus in principle, there are 
49 possibilities for the pairs (j,j + 1), (j + l,j + 2). However, by taking (4.17) into account, 
we have only the following 19 possibilities. 

1. If Hj+i = fij + 2, fi j+2 = 1 + Hj+x, then fij = 0, w 3 km = X+ja + m, w J k ~^ = 1. 

2. If ft = -1, = 1, /i J+2 = 1, then ™£ m = A + (j + l)a + m + k, = x+(j+ \ )a+m . 

3. If = -1, n j+1 = 1, /i j+2 = 0, then w 3 km = X + (j + l)a + m + k, w 3 ^ = 
i 

(\+(j+l)a+m)(\+ja+2a+m+k) ' 

4. If fij = -2, = -1, fi j+2 = 1, then w j km = 1, vr£ m = X + (j + l)a + m + k. 

5. If = Hj + 1, /i i+2 = 1 + pj+x, then = tog[ = 1. 

6. If ^ = -1, = 0, (M j+2 = 1, then w\ m = w 3 ^ = 1. 

7. If ^ = -1, fi j+1 = 0, /i i+2 = 0, then w J km = 1, = x+(j+2 ] a+m+k . 

8. If |Uj = 0, = 1, /Xj + 2 

9. If /ij = 0, = 1, (i j+2 

10. If /Jtj = 0, = 1, fJt j+2 
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= 2, then w£ m = 
= 1, then w 3 k m = 
= 0, then w 3 k m = 



A+ja+m „.,i+l _ 1 
a+k ' t "A;,m a+fc ' 

A+(j+l)a+-m+fc j+1 



1 

(a+k)(X+(j+l)a+m) " 



11. 


If 


I'j 


- Vj+i - 


/x i+2 , then w J fcm = = 


12. 


If 


I'j 


= 0, fMj+i 


= 0, n j+2 = 2, then w 3 krn 


13. 


If 


N 


= = 


0, // i+2 = 1, then w{ m = 


14. 


If 


I'j 


= H+l = 


Hj+2 = 0, then w 3 km = w 


15. 


If 


I'j 


= Vj+l = 


1, fi j+2 = 2, then w{ m = 


16. 


If 


I'j 


= Vj+l = 


fx j+2 = 1, then ™ J fcfn = w; 


17. 


If 






= 0, fi j+2 = 2, then «^ (TO = 


18. 


If 


I'j 


— 1) 


= 0, Hj +2 = 1, then u> J fcm 


19. 


If 


I'j 


= 1; /%'+! 


= 0, /ij +2 = 0, then w 3 km 



w £! = X + U + !) a + m - 



1 j+l _ A+(j+2)g+m+fc 

a+fc' fc.m a+fc 

J + 1 _ 1 



±7=, = l. 



j+1 _ X +(j+l)a+m 
w k,m a+k 



7+1 1 



'k,m ^X+ja+m)(a+k) , k,m a +k' 

In fact, all those possibilities are equivalent to the following two possibilities by changing 
the basis elements i^" 1 , i>£+ 2 if necessary. 

(1) l^j+2 = fM j+ i + 1 = ^ + 2, and w 3 km = w 3 ^ = 1. 

(2) 6=1, ti j+2 = Vj+i = and w 3 k m = w 3 ^ = 

By induction on j, we complete the proof. □ 
Now we have determined all possible structures of V under the assumption in this section. 

5 Proof of the Theorem 1.2 in the second case for a (fc Q 

Now we consider the case that a ^ Q and there exists some jo such that the V^ir-module V 30 
is either reducible or a composition factor of A' QQ . Then all weights of V 30 are integers. For 
any j ^ j with N± < j < N 2 , since the weights of V 3 are in a(j — jo) + ^ we see that V 3 
is an irreducible y?>-module of type A' x . Therefore, such j is unique. By shifting indices 
if necessary, we can suppose jo = 0. Thus for any j with Ni < j < N 2 — 1 and j,j + 1^0, 
(4.1) holds with A = 0. From this, we obtain: 

Remark 5.1. All results in Section 4 hold for j with N± < j < N2 — 1 and j,j + 1^0. 

We need to consider the following five possible cases: 

(a) V° = T = Cvq is the 1-dimensional trivial Vzr-module, 

(b) V° = A' ' o is the nontrivial composition factor of Vir-module A' c 



0,0' 



(c) V° = A'' © T, 



(d) V° = 5' (7) or A'qq (note that A' 00 can be regarded as the case -6(7) by interpreting 
i + 7 as 1 when 7 = 00 in (2.3)), 

(e) V° = A'( 7 ) or A' 
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5.1 The case V° = T 

Lemma 5.2. If V V {i.e., N 2 > I), then V" 1 = {i.e., N x = -1). 
Proof. Denote = W m VQ. Then 

Ly m = [L^ W m ]v° = {a + m + bi)v} +m . (5.1) 

Thus Hi = 6. If V~ l ^ 0, we suppose W(v^ = 5i_ m WiVQ for some Wi G C. Then for 
i ^ k, we have = [Wfc,Wi]iCj = WiWkV^ = Wiv\, i.e., Wi = 0, a contradiction with the 
indecomposable condition on V (cf. (4.3)). Thus V" 1 = 0. □ 

Lemma 5.3. IfV 1 ^ 0, then [ij = jb for any < j < N 2 and w' im = \ if j < N 2 — 1. Thus 
V is a sub-quotient module of A{0,0) {cf. (3.2)). 



Proof. We already have Hi = b. So assume N 2 > 2. From = [W iy Wk]vQ = {w] k — w\ ^ n 
we obtain wj k = w\ i . By Lemma 4.4 (cf. Remark 5.1), we obtain \x 2 = fii + b and wj m = 1. 
Now the result can be proved by induction on j. □ 

Dually, if V" 1 ^ (then V 1 = 0), V is a sub-quotient module of A{0, 1). 
5.2 The case V° = AJ j0 



First assume V 1 7^ 0. In this case, we can suppose (4.1) also holds for j = with = 0, 

7 k,0 



and tt>2 = 0, k G Z. We claim 



Wo^m — w 0,m v m 7^ f° r some m with ffl^fl. (5.2) 

If not, applying [Li, W ] = {a + 6i)Wi to -u ,, we obtain {a + bi)w° irn = 0, i.e., w® m = for 
i ^ — | . If i = -f G Z, then 6^1 since a ^ Z. Applying [L i7 Wi _j] = {a + i - i + bi)W io to 
u^, we have (1 — b){i — i)w® Q m = for i G Z. Thus io° m = for all i,m G Z, a contradiction 
with (4.3). Hence, (5.2) holds. 

Lemma 5.4. // V 1 ^ 0, we have the following possibilities: 
(!) ^i = 6=l, and < m = 

(2) //I = 6 + 1, and = m, 

(3) \i\ — b + 2, and rn = m{a + k — bm). 

Proof. As in the proof of Lemma 4.4, we have (4.12) or (4.13) with /i = 0. All these cases 
can be regarded as follows, 

(6,/i ,/ii) = (M,&), (6,0,6+1), (6,0,6 + 2). (5.3) 
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First consider the case (6, /xo, A*i) — (b,0,b). Assume b ^ 0,1. By (4.8), we have w Q ) m = 
w o m+i f° r m 7^ 0' Thus by rescaling basis elements of V° if necessary, we can assume 
w o,m = 1 for m 7^ 0. Applying [L-i, [Li, Wo]] = (a + i — bi)(a + bi)Wo to v®, we obtain 

(2(a + i) + i(/xi - 6)(1 - a«i - 6))«?g ii = (a + 2i - ^ii)ti>8 )2i , (5.4) 

which is a contraction. This proves 6 = 1. By (4.8) or as in Case 1 in the proof of Lemma 
4.4, we have n _ { — 2iuq n + Wq n+i = for n 7^ 0, ±i. Thus, n = cn + d for n 7^ and 
some c, d E C. By (5.4), d = 0. Applying [Lj, W ] = (a + i)W to u^, we have w° k m = 
By rescaling the basis elements f^'s, we have iu^ m = i.e., Lemma 5.4(1) holds. 

Now consider the case (6, /xo, /^i) = (6, 0, 6+ 1). By (4.8), we have (m + i)wQ m = ttiiVq m+i 
for ±i. Thus, we can assume t«om = m. Similar to the above, we obtain ^ m = m i 

i.e., Lemma 5.4(1) holds. 

Finally consider the case (6, /i , /Ji) = (6, 0, 6+2). By (4.8), we have (m+i)(a— 6(i+m))«; 1 m 
= m(a — bm)wQ m+i for m^0, ±z. Thus, we can assume iUq m = m(a — 6m). Similar to the 
above, we have w Q km = m(a + k — 6m), i.e., Lemma 5.4(3) holds. □ 

Now suppose V" 1 7^ 0. In this case, (4.1) also holds for j = — 1 with /x = 0, Vq = and 
tl^L fc = 0, fc G z. 

Lemma 5.5. // V" 1 7^ 0, we have the following possibilities: 

(1) = -6 ; and w^ m = 1 - £ m+ fc,0; 

(2) = -1 - b, and wj} m = (1 - <5 m+ fc,o)( a + (1 + 6)* + 6m), 

(3) 6=1,^ = 0., and w^ m = l -=^. 

Proof. By (4.12) or (4.13) with /x = 0, we have 

(6, //_!, /i ) = (6, -6, 0), (6, -1 - 6, 0), (6, 1 - 6, 0). (5.5) 

First assume (6, /i_i,/i ) = (6,-6,0). By (4.8), we have = for m 7^ 0, ±i. 

Thus, we can assume = 1 for m 7^ 0. Applying [Lj, Wo] = (a + 6i) W to v~} gives 

w fcm = — ^m+fc,o ; i-e., Lemma 5.5(1) holds. 

Next assume (6, /i_i,/i ) = (6,-1 — 6,0). By (4.8), we have (a + 6(z + m))?/;^ = 
(a + bm)w ~ m+i for m 7^ 0, ±i. Thus we can assume = a + 6m for m 7^ 0, and so 

w kln = (1 ~~ <^m+fc,o)( a + (1 + + ^ m ) ; i- e - ; Lemma 5.5(2) holds. 

Now assume (6, /i ) = (6, 1 — 6, 0). If 6 7^ 0, 1, then by (4.8), we have (m + i)wQ m+i = 
mwQ~ m for m 7^ 0, ±i, i.e., m = ^ for m 7^ by rescaling the basis elements. However, 
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by applying [L_j, [Li, Wo] = (a + bi)(a + i — bi)Wo to v i , we obtain 

(2(i - a) + i(b - /i_i)(6 + - 1))«^- = 2(-a + f + ^i)™^, 

which is a contradiction. Thus b= 1. Then (4.8) gives (m— 2)^0 m-i — ^ mw o m+( m "+^)' u 'o m+i = 
for m 7^ 0, ±z. Thus tu^m = c "^ c for m 7^ and some c,d G C. Then (4.8) gives 

W k!m = ~ fOT 771 + k ^ - Applying Wj] = (° + 3 + hi Wi+j to V j, we have 

c' = 0. Thus, tu^^j = 1 by rescaling the basis elements, i.e., Lemma 5.5(3) holds. □ 

Lemma 5.6. (1) If V 1 ^ 0, then V~ l = 0. 
(2) V is a sub- quotient module 0/5(0,0), B(-a,-b-l), 5(0, //), A{0,0), 2(0,0), ^(7), 

Hi)- 

Proof. In order to obtain Lemma 5.6(1), we consider (4.17) with j = —1, and use Lemmas 
5.4, 5.5. Then the result can be obtained as in the proof of Lemma 4.6. 

Now Considering all the possibilities in Lemma 4.4 with j = 1, and using (4.17) with 
j = 0, we obtain Lemma 5.6(2) as in the proof of Lemma 4.6. □ 

5.3 The case V° = A% fi T 

As in the proofs of Lemmas 5.2, 5.6, we have V 1 = or V^ 1 = 0. 

Lemma 5.7. (1) If V~ x = 0, V 1 ^ 0, then m = b. 
(2) There does not exist an indecomposable W(a,b) -module V with V^ 1 = 0, V 1 7^ 0. 

Proof. We claim 

W m ,0 7^ f° r some m ^- (5-6) 

Otherwise, V would be a decomposable W(a, 6)-module. Applying [Li, Wo] — (a + bi)Wi = 0, 
[L_i, Wi] — (a + % - bi)W = to v$, we obtain 

(a + bi)w° i0 — (a + ^ii)w° 00 = 0, (a + i — fiii)w° i0 — (a + % — bi)u)Q fi = 0. 

The determinant, denoted by A', of coefficients of the above linear equations must be zero, 
i.e, A' = i 2 (iii - 6)(1 - ^1 - b) = 0. Thus, = b or ^ = 1 - b. By (4.4) with j = m = 0, 
we obtain fix = b or 6 = 1, \i\ — 0. Hence, by changing the basis elements t^'s if necessary, 
we can always suppose \x\ = b. This proves Lemma 5.7(1). 

As in the proof of Lemma 5.4, we have 6=1, and m = for m/0. Then by (4.4), 
we would have w° k0 = for all k, a contradiction with (5.6). This proves Lemma 5.7(2). □ 

Dually, there does exist an indecomposable W(a, 6)-module V with V 1 = 0, V~ l 7^ 0. 
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5.4 The case V° = £'(7) or A' 0Q 
By Convention 2.1, we can assume V = 5' (7). 

Lemma 5.8. //V 1 7^ 0, i/ien we /icrae £/ie results in Lemma 5.4. 
Proof. We claim 

wJ^^O for some ^ m G Z. (5.7) 

Otherwise, we may assume w{j = 1 by (4.3). As in (5.3), we only need to consider three 
cases /ii = 6, 6+1,6 + 2. First assume /ii — b 7^ 1, applying [£,%, Wo] = (a + bk)Wk to v^, 7;°, 
w° fc respectively, we have m = 0, = 1, (a + bk)w° k _ k = — (a — fc + 6/c) for m, fc 7^ 
with m 7^ —k. Using this results and applying [Li, Wj] = (a + j + bi)Wi + j to i>°i_,-, we would 
obtain a contradiction. Similarly, we would obtain a contradiction for other cases. Thus we 
have (5.7). Then similar to the proof of Lemma 5.4, we obtain the lemma. □ 

Lemma 5.9. If V^ 1 7^ 0, then fi_x = 1 — 6 and = Sk+ m fi- 

Proof. As in (5.5), we need to consider three cases p;_i = —6, —1 — 6, 1 — 6. First assume 
w o m 7^ f° r some 7^ m o ^ Similar to the proof of Lemma 5.5, we can solve u?q m for 
m/0. Then applying [Lk, Wo] = (a + 6fc)Wfc to w" 1 , f^ 1 , f respectively with m 7^ — fc, 0, 
we can solve w^^. Then using (4.4) with m 7^ — i — j, — z, — j, and m = —i — j, —i, —j, 
respectively, we would obtain a contradiction for all the cases in Lemma 5.5. Thus id^ = 
for m 7^ 0, and we can assume Wq = 1 by (4.3). Then as the proof above, we have the 
lemma. □ 

Now similar to the proofs of Lemmas 5.2, 5.6, we obtain that V is a sub-quotient module 
of B(0, 0), 5(0, p), 5,(7), ^(7), i = 1, 2, 3. 

5.5 The case = ^(7) or A' Q1 

Dually to the previous, we obtain that V is a sub-quotient module of 5(0,1), 5(— a,p), 

Mi), 1,(7)^ = 1,2,3. 

Now we have determined all possible structures of V under the assumption in this section. 

6 Modules of the intermediate series for case a £ 

First we suppose a ^ Z. Then we can write 

q 

a = - with p,q G Z\{0|, p > 2 and p, q are coprime, (6.1) 
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and we can assume b ^ since W(a, 0) = W(a, 1). We can suppose 

N +N 

V = V j , and = if j < N or j > N + N, (6.2) 

j=N 

for some i\r , iV G Z with 1 < iV < p- 1. Note that for any fix JV , iV G Z with 1 < TV < p- 1, 
all modules defined in (3.2)-(3.17) for the case a ^ Q remain to be W(a, &)-modules for the 
case a G Q under the additional conditions: 

N <j<N + N, and W fc < 0+JV = for all k, m G Z. (6.3) 

We use the same symbols to denote these modules. In addition, we have another type of 
modules, denoted by A(X, /i), with basis {v 3 m \ j, m G Z, < j < p — 1} and actions: 

A(X, ji) = sp&ia{v J m | j, m G Z, < j < p — 1} : 

= (A + aj + m + lik)v J k+rn (0 < j < p - 1), 

^< = ^<tm (0<J<P-1), WfctC 1 = ^^° +m+pa - (6-4) 

Now we give a proof of Theorem 1.2 for a G Q\Z. First assume WkV No+N = for all 
k G Z. Similar to the proof of Theorem 1.2 for the case a ^ Q, we have the result. Now 
assume Wk V No+N ^ for some k G Z (by shifting the index, we may assume iVo = 0). 
This means N = p — 1 and Wk V p ~ l C V°. If we re-denote V p = V°, then we obtain 

H P = fi . (6.5) 

Consider all possibilities, we find out that only in the case A(X,fi), (6.5) can happen, thus 
we obtain an extra module A(X, fi) defined in (6.4). This completes the proof of the theorem 
in this case. 

Finally we prove Theorem 1.2 for the case a G Z. In this case we suppose a = 
since W(a,b) ~ W(0,6), and suppose b ^ as when 6 = 0, the algebra W(0, 0) is simply 
the twisted Heisenbeg-Virasoro algebra, whose indecomposable modules of the intermediate 
series were considered in [7]. 

The special case a = 0, b = —1 has also been solved in [6]. Thus, we assume b ^ — 1. 
First we suppose V = V° = span{w m | m G Z} is a V^r-module of type A' x , and so LkV m = 
(A + m + fik)v m+k and W k v m = w kjWi v k+m . Applying [L k , W ] = bkW k , [W k , W ] = to v m , 
comparing the coefficients of v m+ k, we have 

(A + m + fik)w 0jm - (A + m + [ik)w , m+k = bkw ktm , (6.6) 

Wk, m W0,m = W0,m+kWk,m- (6.7) 
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If w kojTno ^ for some k ,m with k ^ 0, then (6.7) gives ttf ,m = w o,m +k , and (6.6) gives 
w k ,m = 0; which is a contradiction. Thus, w k ^ m — for all k ^ 0. If b ^ 1, by applying 
[Li, W-i] = (6—1) Wq to u m , we obtain tu 0jm = (A+m— l+/i)iw_ l m — (A+m+/i)tu_ l m+1 = 0. 
Thus, W k s act trivially on V. Therefore, we suppose 6 = 1. Then (6.6) gives 

(A + m + (J,k)(w , m - w 0tm+k ) = 0, (A + m + k - fik)(w 0t7n - w , m+k ) = 0, 

where the second equation follows from the first by replacing m, kby m + k, —k respectively. 
Thus 

(2X + 2m + k)(w , m - Wo,m+fc) = 0. (6.8) 

Letting m = in (6.8) gives (2A + k)(w 0;0 — w 0:k ) = 0. If 2A ^ Z, then w ok = w 0i0 for 
all 6 Z. If 2A G Z, then to ,fc = i«o,o fo r k ^ — 2A. Letting m = — 2A in (6.8) gives 
(k - 2A)(m> 0) -2A - ™o,/c-2a) = for all k G Z. Thus w? 0; - 2 a = ^o,fe-2A = w 0j o- Hence, we 
obtain module A(A, /i, c). Now, the proof of Theorem 1.2 is completed. 

7 Irreducible modules of the intermediate series 

Now we give a proof of Theorem 1.3. First we prove Theorem 1.3(3). Thus suppose a G' Q. 
Assume that the set {W k \k G Z} acts nontrivially on V, i.e., there exists some nonzero 
weight vector v\ G Vx with weight A such that W k v\ ^ for some k. Note that we have (2.6). 
Denote V = J2j>i mez V\+ja+m- It is straightforward to verify that v\ V, ^ W k V\ G V, 
and V is a proper W(a, 6)-submodule of V, a contradiciton with the irreducibility of V. This 
proves Theorem 1.3(3). 

Theorem 1.3(2) follows immediately from Theorem 1.2. It remains to prove Theorem 
1.3(1). Thus assume V is an irreducible Harish-Chandra W(a, 6)-module without highest 
and lowest weights. We can assume a G Q which is written as in (6.1), otherwise the result 
follows from Theorem 1.3(3) and Mathieu's Theorem ( [8], Theorem 1). We claim that for 
any m ^ —1, and A G C, the linear map 

ip m := L m \ Vx ®L m+ i\ Vx ®W m \ Vx ®W m+ i\ Vx : V\ -» V\+ m ®V\ +m+1 ®V\+ a+m ®V\ +a+m+1 (7.1) 

is injective. If not, then there exists some v o G V\ such that L m v = L m+1 v = W m v = 
W m+ ifo = 0. Without loss of generality, we suppose m > 0. Note that when k 3> 0, we 
can always express k as k = xm + y(m + 1) for some x,y G Z + \{0}, such that L k ,W k 
can be generated by L m ,L m+ i,W m ,W m +i (note that when k ^> 0, we either have W k = 

a+(l-l)m+bk i L k-m: W m ] with a + (1 - b)m + bk ^ Or W k = a+{1 _ b) l m+1)+bk [Lk-m-l, W m+l ] 

with a + (1 — b)(m + 1) + bk ^ 0). Thus there exists some K > such that L k v = W k v = 
for all k > K. Then as the proof of [12, Proposition 2.1], we obtain a highest weight, a 
contraction with the assumption. This proves the claim. 
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Now fix a weight A G P(V). We have P(V) C {A + j + m | < i < p - 1, m e Z} by 

(2.6). Denote JV = ^Xo E]=-i dim V^i^. < oo. Then for any A = A + j + m e 

we always have dirnVx < iV (which is obvious if m = 0,-1, and which follows from the 
injectivity of the map ip- m in (7.1) if m ^ 0,1). Thus V is uniformly bounded, and the 
proof of Theorem 1.3 is completed. 
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